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Résumé :
L’étude microstructurale des matériaux poreux est une tâche essentielle afin de mieux comprendre
l’impact du phénomène de transfert et des réactions chimiques sur la réponse globale obtenue. L’étude
sur le comportement de l’os trabéculaire nous conduit aux plusieurs phénomènes (remodelage, transfert
de fluide et etc.). La mécanique des milieux continus généralisée nous permet de bien étudier les effets
micro-structuraux. La théorie de Cosserat à grande déformation a été déjà utilisée afin d’étudier l’os
trabéculaire dans les études précédentes [1]. Ceci nous permet d’obtenir un modèle multi-échelles pour
l’os trabéculaire. L’utilisation de la théorie de Cosserat nous ne permet pas d’étudier la variation de
porosité dans les structures osseuses. La théorie de micro-dilatation est un membre de la famille de la
mécanique des milieux continus généralisée qui donne la variation spatiale de la porosité des matériaux
poreux. L’obtention de la distribution de la porosité en tenant compte des réactions chimiques et les
chargements mécaniques sera nécessaire afin de mieux comprendre les matériaux vivants. Dans cette
communication, l’os trabéculaire a été modélisé et étudié par la théorie de micro-dilatation dans le but
de modéliser numériquement le remodelage.
Abstract :
The micro-structural study of the porous materials is an essential issue in understanding the transfer
phenomenon and chemical reactions impact on their global response. The spongy bone entails many
complex phenomena, i.e. remodeling, fluid transfer and so on. The generalized continuummechanics can
be used to handle these requirement in an inherent manner. The geometrically-exact Cosserat theory has
been applied to the human spongy bones in the previous studies [1]. This prepares amulti-scale modeling
for the spongy bones. The use of the Cosserat theory does not provide the spatial porosity distribution
and its impact on the remodeling for the next studies. The micro-dilatation theory or so-called void
elasticity can perfectly achieve this assignment. The micro-dilatation theory belongs to the generalized
continuum theory either and it provides deep understanding about the spatial porosity variation under
the mechanical actions as well as the chemically-driven reactions through the porous media. In the
present study, the micro-dilatation theory is used to investigate the spongy bones and some fresh routes
in the remodeling issue of the human bones are discussed.
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1 Introduction
The impact of the micro-structure on the macro-scale behavior of the materials is of great importance.
The very early contributions in which this issue has been handled, can be addressed in [2, 3]. The
micro-dilatation as a member of the generalized continuum mechanics can be used to investigated the
porous media [4, 5, 6]. Some contributions can be addressed in [7, 8, 9, 10]. To incorporate the re-
modeling issues, it is required to deal with geometrically exact micro-dilatation theory. Basically, the
micro-dilatation theory or so-called void elasticity has been proposed under linear elastic considerations.
The extension of the micro-dilatation to the geometrically exact using matrix exponential function for
the micro-dilatation theory has been successfully achieved in [11]. To pursue the numerical modeling of
the tubercular bone or so-called spongy bones, the micro-dilatation theory should be implemented with
the realistic geometry.
2 Theoretical background
The basic equations of the micro-dilatation theory can be summarized in the following sub-sections.
2.1 Kinematical relations
The basic kinematical relations are denoted in :
ε := Lin(E) = sym∇u = 1
2
(∇u+ (∇u)T ) where ∇u := (∇⊗u)T = ui,j eˆi⊗eˆj for i,j=1,2,3
(1a)
Φ := ∇ϕ = ϕ,ieˆi for i = 1, 2, 3 where ϕ := Λ− Λ0 or ϕ := −(P− PR) (1b)
where, ε ∈ sym(3) ⊂ R3 × R3, ∇u ∈ R3 × R3, Φ ∈ R3, ϕ ∈] − 1, 1[⊂ R, Λ ∈ [0, 1[⊂ R+,
Λ0 ∈ [0, 1[⊂ R+, P ∈ [0, 1[⊂ R+, and PR ∈ [0, 1[⊂ R+ are the infinitesimal engineering strain, displa-
cement gradient, micro-dilatation gradient, micro-dilatation state variable, volumetric matrix fraction at
the current configuration, volumetric matrix fraction at the reference configuration, current porosity and
reference porosity or initial porosity, respectively.
2.2 Constitutive equations
The micro-dilatation theory like other generalized continuum media entails more than one traditional
constitutive law. These constitutive laws are well documented in Nunziato-Cowin’s papers and particu-
larly in [4, 5]. According to the original study, there are three constitutive laws. These constitutive laws
can be written for linear zero-centrosymmetrical micro-dilatation elasticity as below :
σ = C : ε+D · ∇ϕ+Bϕ or σij = Cijklεkl +Dijkϕ,k +Bijϕ for i,j,k,l=1,2,3 (2a)
h = A · ∇ϕ+D : ε+ Fϕ or hi = Aijϕ,j +Dijkεjk + Fiϕ for i,j,k=1,2,3 (2b)
g = −ξϕ−B : ε− F · ∇ϕ− ωϕ˙ or g = −ξϕ−Bijεij − Fiϕ,i − ωϕ˙ for i,j=1,2,3 (2c)
where, ε ∈ sym(3) ⊂ R3 × R3, σ ∈ sym(3) ⊂ R3 × R3, h ∈ R3 and g ∈ R are the infinitesimal
engineering strain tensor, stress tensor, equilibrated force or hyperstress [12, 13] and equilibrated body
force, respectively.
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Indeed, the third constitutive law (equation (2c)) contains two scalar constitutive laws pertaining to the
void impact and visco-elastic behavior of pores :
ζ¯ := ξϕ+B : ε+ F · ∇ϕ (3)
η¯ := ωϕ˙ (4)
then
g := −ζ¯ − η¯ = −
ζ¯︷ ︸︸ ︷
(ξϕ+B : ε+ F · ∇ϕ)−
η¯︷︸︸︷
ωϕ˙ (5)
and
g = P − S = 1
3
tr[σ]− S (6)
where, ζ¯ ∈ R, η¯ ∈ R, P ∈ R and S ∈ R are pore-dependent body force scalar, visco-elastic scalar
constitutive law at pore-scale, hydrostatic pressure and total hydrostatic pressure which differs P due
to the independence of dilatation, respectively. It is well worth noting that the difference between P ,
i.e. hydrostatic pressure and S, i.e. total hydrostatic pressure due to the independent dilatation (micro-
dilatation), sustains the micro-structural effects across the generalized continuum media, e.g. micro-
stretch [14, 15, 16, 17] and micro-morphic media [14, 18, 19, 20, 21].
2.3 Equilibrium equations
The micro-dilatation theory has one additional equilibrium equation comparing to the classical theory.
This equation deals with the equilibrium at pore scale and it sustains the further constitutive parameters,
i.e. h ∈ R3 and g ∈ R. The equilibrium equations of the micro-dilatation theory can be written as
follows :∫
Ω(t)
(Div σ + ρb) dV = 0 or
∫
Ω(t)
(σji,j + ρbi) dV = 0 for i,j=1,2,3
on Ω(t) ⊂ R3 × [0, T ]
(7a)
∫
Ω(t)
e : σ dV = 0 or
∫
Ω(t)
eijkσjk dV = 0 for i,j,k=1,2,3 on Ω(t) ⊂ R3 × [0, T ] (7b)∫
Ω(t)
(Div h+ ρ``+ g) dV = 0 or
∫
Ω(t)
(hi,i + ρ``+ g) dV = 0 for i=1,2,3
on Ω(t) ⊂ R3 × [0, T ]
(7c)
where, σ ∈ sym(3) ⊂ R3 × R3, ρb ∈ R3, e ∈ R27, h ∈ R3, ρ`` ∈ R and g ∈ R are the stress
tensor, body force vector, third-rank permutation tensor or Levi-Civita tensor, equilibrated stress vector
or hyperstress, equilibrated body force and equilibrated scalar micro-body force, respectively.
2.4 Material moduli of the micro-dilatation theory
By taking advantage of the positive definiteness properties of the constitutive laws and local positivity
of the total strain energy density or so-called strongly ellipticity principle, one comes to realize the
following restrictions [22, 23, 9] :
µ > 0, λ+ µ > 0, 3λ+ 2µ > 0 (8a)
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β2 < Kξ, α > 0, ξ > 0, and ω > 0 (8b)
It is quite feasible to define the coupling number from β inequality in (8b) as below :
N2 :=
β2
Kξ
where N2 ∈ [0, 1[ (9)
It is straightforward to mention that ω is assumed to be equal to zero for the sake of simplicity and the
positive values for β are deemed herein.
3 Numerical modeling of spongy bones
The numerical modeling of the spongy bones has been carried out by means of the 3D-reconstruction of
CT-images like those done earlier in [24]. The generated mesh using the CD-images are converted to the
solid geometry using user-written codes (Figure 1). Afterwards, the extracted geometry has been used for
(a) (b) (c)
Figure 1 – a) Extracted 3D-mesh of the spongy bone (200×200×200 [Voxels] [1], b) Extracted geometry from the orphan
meshes and c) Re-meshed geometry for 3D-FEM computations via the micro-dilatation theory.
the micro-dilatation theory involving large deformation and Arbitrary Lagrangian Eulerian technique.
The main reason behind the aforementioned methodology is that it would prepare the smooth transition
from the healthy spongy bones to the deteriorated ones (aging process) via the moving mesh technique,
which entails the use of the large deformation measurements. The ALE method facilitate the accurate
numerical modeling of interfaces and mobile boundaries [25]. This gets very essential while one deal
with the moving solid-fluid interfaces, e.g. human spongy bone and marrow (Figure 2). The use of the
ALE technique as long as the large deformations includingmicro-dilatation theory can be incorporated to
the remodeling laws for remodelingmodeling purposes in the next studies. Some numerical experiments,
i.e. uniaxial compression, tension and simple shear test have been done and deformation and porosity
distribution have been scrutinized via the micro-dilatation theory.
4 Conclusion and outlooks
The use of the micro-dilatation theory sustains not only the stress and deformations in the porous media,
but also the porosity distribution. The other well-known methods in dealing with the porous media,
e.g. Biot’s theory can not do this matter as the micro-dilatation does. Furthermore, the Biot’s theory
[26, 27] coincides with the Classical Cauchy’s theory [28] excluding pore-fluid considerations. The
coupling of the micro-dilatation theory to the fluid transfer involving the non-Newtonian fluids brings
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(a) (b) (c)
Figure 2 – Typical illustration of the spongy bone and marrow, a) Extracted 3D-mesh of the spongy bone including human
marrow, b) Spongy bone only illustration and c) Human marrow only illustration.
the breakthrough in modeling and assessment of human bone remodeling issue. This issue is of great
importance and can be done using the moving mesh technique driven via the remodeling laws in the
open literature [29]. The extension of the present methodology to the micro-stretch theory [30, 16, 17]
would be of great interest in the sense that the porosity issue relating to the micro-dilatation issue and
micro-rotation of the Cosserat theory go altogether in a single analytical method known as micro-stretch
theory.
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